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Abstract Studies of variations in the solar differential rotation are important
for understanding the underlying mechanism of solar cycle and other variations
of solar activity. We analyzed the sunspot-group daily data that were reported
by Greenwich Photoheliogrphic Results (GPR) during the period 1874 – 1976
and Debrecen Photoheliographic Data (DPD) during the period 1977 – 2017.
We determined the equatorial rotation rate [A] and the latitude gradient [B]
components of the solar differential rotation by fitting the data in each of the 3-
year moving time intervals (3-year MTIs) successively shifted by one year during
the period 1874 – 2017 to the standard law of differential rotation. The values of
A and B around the years of maxima and minima of Solar Cycles 12 – 24 are
obtained from the 3-year MTIs series of A and B and studied the long–term
cycle-to-cycle modulations in these coefficients. Here we have used the epochs of
the maxima and minima of the Solar Cycles 12 – 24 that were recently determined
from the revised Version-2 international sunspot-number series. We find that
there exits a considerably significant secular decreasing-trend in A around the
maxima of solar cycles. There exist no secular trends in both A and B around
the minima of solar cycles. The secular trend in B around the maxima of solar
cycles is also found to be statistically insignificant. We fitted a cosine function
to the values of A, and also to those of B, after removing the corresponding
linear trends. The cosine-fits suggest that there exist ≈54-year (≈94-year) and
≈82-year (≈79-year) periodicities in A (B) around the maxima and minima of
solar cycles, respectively. The amplitude of the cosine-profile of A (B) around
the minima of solar cycles is about 41% (65%) larger than that of A (B) of
around the maxima. In addition, the cosine profiles of A and B suggest a large
(up to 180◦) phase difference between the long-term variations of A, and also
between those of B, of around maxima and minima of solar cycles. Implications
of all these results are discussed briefly.
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1. Introduction
Solar dynamo models explain several properties of solar cycle (Babcock, 1961;
Dikpati and Gilman, 2006; Cameron, Dikpati, and Brandenburg, 2017). The so-
lar differential rotation is an important ingredient in these models. Solar activity
vary in many time scales. Therefore, studies of variations in solar differential
rotation are important for better understanding the physical mechanism of
solar cycle and other variations of solar activity. Variations in the differen-
tial rotation of the Sun’s outer layers have been known for several decades.
Many authors studied the solar cycle variation and other short- and long–
term variations in the differential rotation by using different data and tech-
niques (Howard, 1976; Gilman and Howard, 1984; Snodgrass and Howard, 1985;
Singh and Prabhu, 1985; Balthasar, Vázquez, and Wöhl, 1986; Kambry and Nishikawa,
1990; Snodgrass, 1992; Komm, Howard, and Harvey, 1993; Yoshimura and Kambry,
1993; Javaraiah and Gokhale, 1995; Makarov, Tlatov, and Callebaut, 1997; Javaraiah,
2003, 2005, 2011, 2013; Gupta, Sivaraman, and Howard, 1999; Javaraiah and Komm,
1999; Khutsishvili, Gigolashvili, and Kvernadze, 2002; Braǰsa, Ruždjak, and Wöhl,
2006; Javaraiah and Ulrich, 2006; Švanda et al., 2008; Javaraiah et al., 2009;
Chandra, Vats, and Iyer, 2010; Li et al., 2014, Javaraiah and Bertello, 2016; Obridko and Shelting,
2016; Badalyan and Obridko, 2017; Ruždjak et al., 2017; Roudier et al., 2018).
However, so far only the 11-year period torsional oscillation of photospheric
layers was discovered by Howard and LaBonte (1980) and LaBonte and Howard
(1982) is established. Helioseismic techniques have revealed that the torsional
oscillation pattern extends inward up to about one-third thickness of the Sun’s
convection zone (Howe et al., 2000). Other results to some extent established are:
both equatorial rate and latitude gradient of rotation are large at solar minimum
than at maximum, and we have a secular decrease of the solar equatorial rotation
with secular increase of activity (see Ruždjak et al., 2017 and the references
therein).
Javaraiah, Bertello, and Ulrich (2005a) (hereafter Article-I) analyzed the Green-
wich and Solar Optical Observing Network (SOON) sunspot-group data during
the period 1874 – 2007 and determined the average values of the coefficients of
differential rotation during each of the Solar Cycles 12 – 22 to study the cycle-
to-cycle modulation in these coefficients and found the secular decrease (about
−0.01◦ day−1 cycle−1) of the cycle-to-cycle modulation in the equatorial rotation
rate. Balthasar, Vázquez, and Wöhl (1986), Braǰsa, Ruždjak, and Wöhl (2006),
and Li et al. (2014) have also studied in detail the cycle-to-cycle variations in
the solar differential rotation. In Article-I cosine functions to the values of the
coefficients of differential rotation were fitted and we found the existence of a 79-
year cycle (Gleissberg cycle) in the latitude gradient of rotation. Suzuki (2014)
found that a period of about 6–7 solar cycles exits in long-term modulation of
the latitude gradient of differential rotation. It should be noted here a number
of authors have found changes in the period (60–130-year) of the Gleissberg cycle
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(Garcia and Mouradin, 1998; Hathaway, Wilson, and Reichmann, 1999; Rozelot,
1994; Ogurtsov et al., 2002; Hathaway, 2015; Javaraiah, 2017). Recently, Javaraiah
(2019) determined cycle-to-cycle variations in the sunspot activity at the minima
and the maxima of Solar Cycles 12 – 24 and noticed that there exists a difference
in the long-term periodicities of the activity at solar minimum and maximum.
The rotation rates of magnetic active regions (sunspot groups, etc.) vary with
life times and sizes (areas) of the active regions. Large/long-lived sunspot groups
rotate more slowely than small/short-lived sunspot groups (Ward, 1965, 1966;
Howard, Gilman, and Gilman, 1984; Balthasar, Vázquez, and Wöhl, 1986). This
could have to do with the magnetic structures of large and small sunspot groups
anchoring at deep and shallow layers of the solar convection zone, respectively (Javaraiah and Gokhale,
1997b; Hiremath, 2002; Sivaraman et al., 2003). The average size of sunspot
groups in the minimum of a solar cycle is smaller than that of the sunspot groups
in the maximum. Hence, the study of solar differential rotation of the sunspot
groups at solar minimum and maximum may be useful for better understanding
the physical mechanism of the solar long-term variability. In the present analysis
we determined the values of the coefficients of differential rotation in the 3-year
MTIs during the period 1874 – 2017. From the obtained time series we deter-
mined the values of the coefficients of differential rotation of the sunspot groups
around the minima and maxima of Solar Cycles 12 – 24 and separately study
the long-term cycle-to-cycle modulations in the coefficients of the differential
rotation around the maxima and minima of solar cycles.
In the next section we describe the data and method of analysis. In Section 2
we present results and in Section 3 we present conclusions and discuss upon
them briefly.
2. Data and Method of Analysis
Here we have used the daily sunspot-group data reported in GPR during the pe-
riod April 1874–December 1976 and DPD during the period January 1977 – June
2017. These data are downloaded from the website fenyi.
solarobs.unideb.hu/pub/DPD/. The details about these data can be found in
Győri, Baranyi, and Ludmány (2010), Baranyi, Győri, Ludmány (2016), and Győri, Ludmány, and Baranyi
(2017). These data contain the date and time of observation (we converted
these into date with fractional day, [t]), heliographic latitude [λ] and longitude
[L], corrected whole-spot area, and central meridian distance [CMD], etc. of a
sunspot group for each of the days it was observed. Here each disk passage of
a recurrent sunspot group is treated as an independent sunspot group and in
order to reduce the foreshortening effect (if any), we have not used the data in
any day of the sunspot group life-time/disk passage ([τ ], its values are 2, 3,. . .,12
days). We have determined the equatorial rotation rate [A] and the latitudinal
gradient [B] of the solar differential rotation by fitting the data corresponding
to a specified time-interval to the standard law of differential rotation:
ω(θ) = A+B sin2(θ), (1)
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where ω(θ) = Li−Li−1
ti−ti−1
+14◦.18 is the solar sidereal rotation rate at the latitude
θ = λi−1, i = 2, 3,. . .,τ , and 14
◦.18 is the Carrington rigid body rotation rate
of the Sun. In all our earlier analyzes we have assigned the velocity value to the
mean of λi−1 and λi. Following the suggestion by Olemskoy and Kitchatinov
(2005) here we assigned the velocity value to the λi−1 (also see Sudar et al.,
2014). The data correspond to ω > 3◦ day−1 and the latitudinal drift λi−λi−1
ti−ti−1
>
2◦ day−1 are excluded. This considerably reduced the uncertainties (standard de-
viations) in the derived values ofA andB (Ward, 1965, 1966; Javaraiah and Gokhale,
1995). The data corresponding ti − ti−1 > 2 days (non-consecutive days) are
also excluded. This further reduced the uncertainties in A and B. In order to
have a better statistics (particularly during solar minimum) first we have fitted
Equation 1 to the data in the 3-year MTIs 1874 – 1876, 1875 – 1877,. . .,2015 –
2017 during the period 1874 – 2017. Northern- and southern-hemispheres’ data
are combined. The values of A and B around the years of maxima and minima
(i.e. in the 3-year intervals in which the years of maxima and minima are middle
years) of the Solar Cycles 12 – 24 are obtained from the 3-year MTIs series of A
and B. We have used the epochs of the maxima and the minima, cycle-lengths,
etc. of the Solar Cycles 12 – 24 that were recently determined by Pesnell (2018)
using the revised Version-2 international sunspot-number (SN) series.
3. Results
In Table 1, we have given the values of mean sidereal angular velocity (ω, in
degree day−1) and corresponding uncertainty (standard error, δω) in different 2◦
latitude (θ) intervals, determined from the sunspot-group data around the min-
ima (i.e. from the combined data in the intervals 1877–1879, 1889–1891, 1901–
1903, 1912–1914, 1922–1924, 1932–1934, 1943–1945, 1953–1955, 1975–1977, 1985–
1987, 1995–1997, and 2007–2009) and around the maxima (i.e. from the com-
bined data in the intervals 1882–1884, 1893–1895, 1905–1907, 1916–1918, 1927–
1929, 1936–1938, 1946–1948, 1957–1959, 1967–1969, 1978–1980, 1988–1990, 2000–
2002, and 2013–2015) of Solar Cycles 12–24. In this table the corresponding num-
ber (N) of the velocity values in each latitude interval is also given. Northern-
and southern-hemispheres’ data are folded. In many latitude intervals N is con-
siderably large. Hence, the corresponding uncertainties in the values of the mean
angular velocities are reasonably small.
Figure 1 shows the mean latitude dependence of the solar sidereal rotation rate
[ω(θ)] around the minima and around the maxima of Solar Cycles 12 – 24 deter-
mined from the sunspot-group data of these cycles. In this figure we have shown
the profiles of the differential rotation deduced from the values of the coefficients
A and B of Equation 1, and also the values of ω(θ) determined by averaging the
data into 2◦ latitude intervals, which are also given in Table 1. Northern- and
southern-hemispheres’ data are folded. As can be seen in this figure, as already
known (e.g. Balthasar, Vázquez, and Wöhl, 1986; Komm, Howard, and Harvey,
1993; Gupta, Sivaraman, and Howard, 1999; Javaraiah, 2003; Braǰsa, Ruždjak, and Wöhl,
2006; Ruždjak et al., 2017), the mean angular velocity of the sunspot groups
around the minima of the solar cycles is slightly larger than that of the sunspot
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Table 1. Values of mean (ω, in degree day−1) and correspond-
ing standard error (δω) of sidereal angular velocity in different
2◦ latitude (θ) intervals determined from the sunspot-group data
around the minima (i.e. from the combined data in the inter-
vals: 1877–1879, 1889–1891, 1901–1903, 1912–1914, 1922–1924,
1932–1934, 1943–1945, 1953–1955, 1975–1977, 1985–1987,
1995–1997, and 2007–2009), and around the maxima (i.e. from
the combined data in the intervals: 1882–1884, 1893–1895,
1905–1907, 1916–1918, 1927–1929, 1936–1938, 1946–1948,
1957–1959, 1967–1969, 1978–1980, 1988–1990, 2000–2002, and
2013–2015) of Solar Cycles 12–24. The corresponding number
(N) of the velocity values in each latitude interval is also given.
Northern- and southern-hemispheres’ data are folded.
Latitude Around minimum Around maximum
interval ω δω N ω δω N
0◦–2◦ 14.57 0.05 318 14.56 0.04 550
2◦–4◦ 14.50 0.04 473 14.56 0.02 1452
4◦–6◦ 14.56 0.03 830 14.52 0.02 3393
6◦–8◦ 14.46 0.03 875 14.46 0.01 5412
8◦–10◦ 14.47 0.03 1094 14.45 0.01 7627
10◦–12◦ 14.39 0.03 805 14.40 0.01 9350
12◦–14◦ 14.44 0.04 542 14.38 0.01 10290
14◦–16◦ 14.38 0.04 642 14.33 0.01 10136
16◦–18◦ 14.30 0.04 608 14.28 0.01 9575
18◦–20◦ 14.28 0.03 866 14.25 0.01 8459
20◦–22◦ 14.21 0.03 1147 14.18 0.01 6528
22◦–24◦ 14.22 0.03 1081 14.11 0.01 5086
24◦–26◦ 14.09 0.04 796 14.05 0.02 3914
26◦–28◦ 14.02 0.04 700 13.96 0.02 2681
28◦–30◦ 14.06 0.05 520 13.90 0.02 1792
30◦–32◦ 13.75 0.05 357 13.86 0.03 1224
32◦–34◦ 13.67 0.07 212 13.74 0.04 811
34◦–36◦ 13.88 0.12 104 13.69 0.05 492
36◦–38◦ 13.68 0.14 59 13.71 0.06 321
38◦–40◦ 13.42 0.17 37 13.39 0.09 154
groups around the maxima in all latitudes (see the dashed and the continuous
curves). Around the minima of the solar cycles the mean equatorial velocity A is
about 0.16% larger than that around the maxima (this difference is statistically
significant on at least 1.9σ level, where σ is standard deviation of A around
minima). The mean latitude gradient B around the maxima is about 4.4%
larger than that around the minima (it is consistent with the fact that dynamo
action is strong during maximum and weak during minimum), but this difference
is statistically highly insignificant, i.e. only 1.2σ level (around the minima the
number of data points is about 86% lower than that of the around the maxima).
On the other hand, there exist considerable cycle-to-cycle variations in both A
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Figure 1: The mean latitude de-
pendence of the solar sidereal ro-
tation rate [ω(θ)] around the min-
ima and around the maxima (i.e.
in the 3-year intervals in which
the epochs of minima and max-
ima are middle years) of Solar Cy-
cles 12 – 24. The continuous curve
(black) and dashed curve (red)
show the corresponding profiles of
the differential rotation deduced
from the values of the coefficients
A and B in Equation 1. These
values of the coefficients and the
number of velocity values (N)
gone in the calculations are also
shown. Northern- and southern-
hemispheres’ data are combined.
The filled circles (black) and open
circles (red) represent the values
of ω(θ) that are given in Table 1
and determined by averaging the
data into 2◦ latitude intervals.
and B around the maxima as well as those around the minima of Solar Cycles
12 – 24 (see below).
Figure 2 shows variations in A and B determined from the sunspot group data
(northern- and southern-hemispheres’ data are combined) in the 3-year MTIs
1875 – 1877, 1876 – 1878, . . ., 2015– 2017 during the period 1874 – 2017. In Table 2
we have given the values of A and B around the maxima and minima of Solar Cy-
cles 12 – 24 obtained from the aforementioned 3-year MTIs. These values are indi-
cated in Figure 2 by the filled-circles and the filled-squares, respectively. We have
also shown the values of A and B obtained from the data in the interval 2008–
2010. The reason for this is given below. The description of the yearly variations
of A and B can be found in our earlier papers, Javaraiah and Gokhale (1995)
and Javaraiah and Komm (1999), and in the paper by Ruždjak et al. (2017).
Here we concentrated on cycle-to-cycle modulations in A and B. Ruždjak et al.
(2017) have noted that when a significant peak of equatorial rotation velocity
is observed during minimum of activity, the strength of the next maximum is
smaller than the previous one. This is not found from Figure 2.
Equation 1 is found to be not fitted well to the data in around minima of
cycles. This is, obviously, because of insufficient data caused by large scarcity of
sunspots at high latitudes of sunspot belt. As can be seen in Figure 2 around the
minimum of Solar Cycle 24 the values of A and B are abnormally low. In Figure 3
we show the latitude dependence of angular velocity during the 3-year intervals
that comprise the epochs of minima and the maxima of Solar Cycles 23 and
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Figure 2. The values (open circles conected by dotted curve) of A and B determined from
the sunspot group data in the 3-year MTIs 1874 – 1876, 1875 – 1877,. . .,2015 – 2017 during the
period 1874 – 2017 versus the middle years 1975, 1876,. . .,2016 of the intervals. Northern-
and southern-hemispheres’ data are combined. The values at the epochs (middle years of the
corresponding 3-year intervals) of minimum and maximum are indicated with the filled-square
and filled-circle, respectively. The Waldmeier numbers of the solar cycles and the corresponding
epochs of the minimum and maximum are also shown by the symbols m and M, respectively.
The horizontal continuous-line represents the mean value over the whole period 1874 – 2017
(mean A = 14◦.51 day−1 and mean B = −2◦.42 day−1). In b the continuous curve represents
the variation in yearly mean total sunspot number during 1875–2016.
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.
Figure 3. Latitude dependence of angular velocity (ω) determined from the daily data of
sunspot groups around the minima (left panels) and around the maxima (right panels) of
Solar Cycles 23 (top panels) and 24 (middle panels). The bottom panel represents the latitude
dependence of ω in interval 2008–2010. Northern- and southern-hemispheres’ data are com-
bined. The continuous curve (red) represents the profile of the differential rotation deduced
from the corresponding values of the coefficients A and B given in Table 2.
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Table 2. Values of A and B (in degree day−1) in the 3-year intervals at the epochs
Tm and TM (middle years of the corresponding 3-year intervals) of the minima and
maxima (indicated by the suffixes m and M, respectively) of Solar Cycles 12 – 24. The
corresponding number (N) of velocity values is given. Northern- and southern-hemi-
spheres’ data are combined. The minimum (Rm) and maximum (RM) Version-2
sunspot numbers are also given. a implies tentative (see text).
Cycle Rm Interval Tm N Am Bm
12 3.7 1877–1879 1878 314 14.470 ± 0.054 −1.838 ± 0.588
13 8.3 1889–1891 1890 1188 14.651 ± 0.060 −2.834 ± 0.454
14 4.5 1901–1903 1902 654 14.604 ± 0.091 −3.058 ± 0.754
15 2.5 1912–1914 1913 429 14.515 ± 0.086 −2.736 ± 0.577
16 9.4 1922–1924 1923 928 14.447 ± 0.040 −2.105 ± 0.305
17 5.8 1932–1934 1933 680 14.558 ± 0.041 −2.267 ± 0.394
18 12.9 1943–1945 1944 1346 14.424 ± 0.045 −1.915 ± 0.311
19 5.1 1953–1955 1954 1221 14.479 ± 0.051 −2.369 ± 0.292
20 14.3 1963–1965 1964 1135 14.630 ± 0.040 −2.211 ± 0.334
21 17.8 1975–1977 1976 1288 14.514 ± 0.039 −2.431 ± 0.272
22 13.5 1985–1987 1986 1215 14.526 ± 0.040 −3.277 ± 0.259
23 11.2 1995–1997 1996 1204 14.571 ± 0.041 −2.102 ± 0.330
24 2.2 2007–2009 2008 517 14.384 ± 0.056 −0.580 ± 0.555
2008–2010 2009a 784 14.524 ± 0.071 −2.321± 0.4734
RM TM AM BM
12 124.4 1882–1884 1883 4043 14.598 ± 0.021 −2.976 ± 0.281
13 146.5 1893–1895 1894 5694 14.548 ± 0.019 −2.175 ± 0.226
14 107.1 1905–1907 1906 4037 14.490 ± 0.024 −2.122 ± 0.321
15 175.7 1916–1918 1917 5998 14.504 ± 0.020 −2.475 ± 0.221
16 130.2 1927–1929 1928 5171 14.495 ± 0.019 −2.368 ± 0.245
17 198.6 1936–1938 1937 6870 14.544 ± 0.018 −3.042 ± 0.154
18 218.7 1946–1948 1947 8006 14.487 ± 0.017 −2.620 ± 0.144
19 285.0 1957–1959 1958 10379 14.467 ± 0.014 −2.767 ± 0.104
20 156.6 1967–1969 1968 6367 14.503 ± 0.020 −2.379 ± 0.177
21 232.9 1978–1980 1979 9186 14.516 ± 0.017 −2.373 ± 0.127
22 212.5 1988–1990 1989 7853 14.530 ± 0.019 −2.572 ± 0.129
23 180.3 2000–2002 2001 8849 14.492 ± 0.016 −2.245 ± 0.151
24 116.4 2013–2015 2014 7003 14.439 ± 0.021 −2.322 ± 0.250
24. Northern- and southern-hemispheres’ data are combined. In this figure the
continuous curves represent the corresponding profiles of the differential rotation
deduced from the values of the coefficients A and B in Equation 1, which are
also given in Table 2. As can be seen in this figure, the coefficients A and B
reasonably well determined, i.e. Equation 1 is reasonably well fitted to the data
around the maxima of Solar Cycles 23 and 24 and even around the minimum of
Solar Cycle 23. The corresponding fit is not good around the minimum of Solar
Cycle 24, i.e. in the interval 2007–2009, because there is a large scarcity of data
in higher latitudes of the sunspot latitude-belt (less overlap of Solar Cycles 23
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Figure 4. The filled circle-dashed curves represents the cycle-to-cycle variations in the equa-
torial rotation rates [AM] and [Am], and the latitude gradients [BM] and [Bm], of solar rotation
determined from the sunspot-group data around the maxima and minima (indicated by the
suffixes M and m, respectively) of Solar Cycles 12 – 24. The values of Am and Bm in interval
2008–2010 are also shown (red-filled-square). Northern- and southern-hemispheres’ data are
combined. The horizontal dotted-line represents the mean. The continuous line represents the
linear best-fit (red-long-dashed line represent the best-fit when 2009 is considered for minimum
epoch of Cycle 24). The values of the slope and the correlation coefficient are also shown.
and 24). Therefore, we have also checked the results by considering tentatively
2009 for minimum epoch of Solar Cycle 24 and in Figure 3 we have also shown
the latitude dependence of the velocity in the interval 2008–2010 (middle year
is 2009). The fit of Equation 1 to the data of this interval is reasonably good
(Note: in the 13-month smoothed monthly mean of the revised SN, 2008.958,
i.e. around 15 November 2008, is the minimum epoch of Solar Cycle 24.)
Figure 4 shows the cycle-to-cycle variations in the values of AM, Am, BM,
and Bm, i.e the values of A and B around the maxima and around the minima
of Solar Cycles 12–24 given in Table 2 (the suffixes M and m indicate epochs
of sunspot maximum and minimum, i.e. the middle years of the 3-year intervals
that comprise these years, respectively). For the reason given above, besides the
values of A and B in the interval 2007–2009 that comprises 2008 in its middle,
we have also shown the corresponding values in the interval 2008–2010 that
comprises 2009 in its middle. The linear least-square fit correspond to each of
these parameters is done by taking uncertainty in the parameter, i.e. weight = 1
σ2
is used. In Article-I the existence of a secular decreasing trend was found in the
cycle-to-cycle modulation of A determined from the sunspot group data (over the
whole cycle) of Solar Cycles 12 – 22, but it was not found in the corresponding
modulation in B. As can be seen in Figure 4 there exist no notable secular
trends in both Am and Bm, whereas there is a considerably significant secular
decreasing-trend in AM (the slope is about five times larger than its standard
deviation). The decreasing trend of AM is slightly less steeper (slope −0.006±
0.001) than that of the average A over the whole cycle (slope −0.01 ± 0.001)
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found in Article-I. There is a secular decreasing trend in BM (i.e. the secular
decreasing trend in the latitudinal gradient around maxima of solar cycles), but
it is not well defined (the slope is only about 1.5 times of its standard deviation).
We find the following correlations (r represents the correlation coefficient and
the values given within parentheses are found when 2009 is considered for the
minimum epoch of Solar Cycle 24):
r = 0.35 (0.11) between Am and AM,
r = 0.33 (0.48) between Am and BM,
r = −0.65 (−0.46) between Am and Bm,
r = −0.45 between AM and BM,
r = −0.36 (0.02) between AM and Bm, and
r = −0.12 (−0.39) between Bm and BM.
The anticorrelation between A and B implies that an increase in the equatorial
rotation rate with an increase in the latitude gradient of rotation, and vise-versa
(it should be noted that B is negative).
We find no significant correlation between sunspot number (either the value
of sunspot minimum [Rm] or of maximum [RM]) and A or B (the highest cor-
relation, r = −0.39, is found between BM and RM). However, the existence of
secular decrease of A with secular increase of solar activity seems to be some ex-
tent established (see Li et al., 2014; Obridko and Shelting, 2016; Ruždjak et al.,
2017, and the references therein). The existence of a positive correlation between
A determined from the whole-cycle data and length of cycle is known (Mendoza,
1999). In Article-I a relatively weak correlation (r = 0.57) was found between A
and cycle-length from the data of Solar Cycles 12 – 22 and based on that a short
length was predicted for Cycle 23. That prediction is incorrect (Cycle 23 is a
long cycle). Here the correlation between AM and cycle-length is found highly
insignificant. The following reasonably large correlations (r > 0.6) are found
(the values given within parentheses are found when 2009 is considered for the
minimum epoch of Solar Cycle 24):
r = 0.67 (0.67) between Am and cycle length,
r = 0.77 (0.77) between Am and cycle declining time, and
r = 0.64 (0.44) between Bm and cycle rising time.
Using the value of Am of Solar Cycle 24 in the linear relationship correspond
to the aforementioned highest correlation between Am and cycle-declining time
(determined from the data of Cycles 12 – 23), we obtained 5.69± 0.42 years for
the declining time of Cycle 24, which suggests that Solar Cycle 24 will end at
2019.98± 0.42, i.e. within the interval July 2019 –May 2020. This may be close
to reality. However, the aforementioned correlations may not strong enough for
prediction purpose.
Due to the large equatorial rotation rate there could be a strong Coriolis
force at the minimum of a solar cycle, which greatly affects (decreases) the
emergence of toroidal magnetic flux at low latitudes (Choudhuri and Gilman,
1987). Depending on the strength of Am this effect might persist throughout the
corresponding solar cycle. In fact, a reasonable correlation is also exist between
Am and cycle-length. Coriolis forces act more effectively on small magnetic fea-
tures, that may reduce the rate of emergence of toroidal flux at low latitudes
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Figure 5. The dashed curve represents the best-fit cosine function to the values (filled-circles)
of (a) AM, (b) BM, (c) Am, and (d) Bm, after subtracting the corresponding linear-fits.
The corresponding values of root-mean-square-deviation (rmsd) are 0.018, 0.22, 0.06, and
0.44, respectively, and the the corresponding values of χ2 are 11.53, 16.35, 23.22, and 16.95,
respectively (21.026 is the 5% level significant value of χ2). The obtained periods of AM,
BM, Am, and Bm are 4.9, 8.5, 7.4 and 7.2 (in number of solar cycles), i.e. 54.05 ± 5.58-year,
93.75 ± 10.03-year, 81.62 ± 8.73-year, and 79.42 ± 8.5-year, respectively (Note: the average
period of solar cycles is 11.03±1.18-year; see Pesnell, 2018.) The dotted curve (red) represents
the one-rmsd level.
(the effect of magnetic buoyancy force is large on large magnetic structures
and plasma drag force is large on small magnetic structures). Hence, there is
a reasonably good correlation between Am and the declining time of the corre-
sponding cycle, suggesting that a large Am might cause a long declining time. It
should be noted that a large absolute value of B means a large latitude gradient,
i.e. more differential rotation (strong dynamo). The existence of a reasonably
good correlation between Bm and rising time of a cycle may imply that more
differential rotation during the minimum of a cycle might cause the cycle to rise
fast. This in turn related to the amount of toroidal magnetic flux production
depending on the strength of the differential rotation during the minimum of the
cycle. However, the physical relationships of all the aforementioned correlations
need investigations.
Figure 5 shows the best-fits of cosine functions to the values of AM, BM, Am,
and Bm that are given in Table 2, after subtracting the corresponding linear
trends (in the cosine-fits weight = 1
σ2
is used). The cosine-fit to the data of most
of the above parameters is reasonably good. Except in the case of the cosine-fit
of Am, the χ
2 of the cosine-fit to the data of each of the remaining parameters
is reasonably small. In each of these cases, most of the data points are within
the one-rmsd level. The obtained periods of AM, BM, Am, and Bm are 4.9, 8.5,
7.4 and 7.2 (in number of solar cycles), i.e. 54.05± 5.58-year, 93.75± 10.03-year,
81.62± 8.73-year, and 79.42± 8.5-year, respectively (Note: the average period of
a solar cycle is 11.03±1.18-year; see Pesnell, 2018.) Considerable differences exist
in the periodicities of A, and also in those of B, that correspond to the epochs of
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Figure 6. The dashed curve represents the best-fit cosine function to the values (filled-circles)
of (a) Am and (b) Bm, by replacing the values of these parameters in interval 2007–2009 with
that in interval 2008–2010. The corresponding values of root-mean-square-deviation (rmsd)
are 0.06 and 0.29, respectively, and the corresponding values of χ2 are 19.9 and 10.14 re-
spectively. The obtained periods of Am and Bm are 7.9 and 7.6 (in number of solar cycles),
i.e. 87.14± 9.32-year and 83.83± 9.0-year, respectively. The dotted curve (red) represents the
one-rmsd level.
maxima and minima of solar cycles. The amplitude (0.058◦ day−1) of the cosine
profile of Am is about 41% larger than that (0.034
◦ day−1) of AM, whereas the
amplitude (0.6◦ day−1) of the cosine profile of Bm is about 65% larger than that
(0.21◦ day−1) of BM. The cosine profiles of AM and Am suggest the existence
of a large (up to 180◦) phase (initial) difference (approximate anticorrelation)
between AM and Am. The cosine profiles ofBM and Bm also suggest the existence
of a large (up to 180◦) phase (initial) difference (approximate anticorrelation)
betweenBM andBm. The cosine profiles ofAm andBM seem to be approximately
in phase (a positive correlation). The cosine profile of AM indicates that in
the case around maxima of Solar Cycles 12–24, the equatorial rotation rate is
maximum at Cycles 12, 17, and 22, and minimum at Solar Cycles 14, 19, and
24. The cosine profile of Am indicates that in the case of around minima of Solar
Cycles 12–24 the equatorial rotation rate is maximum at Solar Cycles 13/14 and
21, and minimum at Solar Cycles 17/18 and 24. The cosine profile ofBM indicates
that in the case around maxima of Solar Cycles 12–24, the latitude gradient of
rotation is maximum at Solar Cycle 18 and minimum at Solar Cycles 14 and 22.
The cosine profile of Bm indicates that in the case of around minima of Solar
Cycles 12–24 the latitude gradient of rotation is maximum at Solar Cycles 14
and 21/22, and minimum at Solar Cycle 18 (it should be noted that BM and
Bm are having negative sign, a large negative value implies more differential
rotation).
For the reason given above, we have repeated the calculations of the cosine fits
for Am and Bm by replacing the values of these parameters in interval 2007–2009
with that in interval 2008–2010, i.e. by considering the 2009, instead of 2008, for
the minimum epoch of Solar Cycle 24. Figure 6a and 6b show the corresponding
best-fits of cosine functions, which are more accurate than the corresponding
ones shown in Figures 5c and 5b. That is, in the case of the cosine fits of both
Am and Bm that are shown in Figures 6a and 6b the values of χ
2 are smaller,
and in the case of Bm the value of rmsd is also smaller than the corresponding
fits shown in Figures 5c and 5d. The cosine fits shown in Figure 6 indicate the
periodicities 87.14± 9.32-year and 83.83± 9.0-year for Am and Bm, respectively,
which are slightly longer than those indicated by the corresponding fits shown
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in Figure 5c and 5d. Except these all the suggestions made above remain the
same.
Cent percent anticorrelation between A and B implies variations in equatorial
rotation rate and magnitude of latitude gradient are perfectly in phase. Because
of a large difference between the periods of AM and BM, there could be a large
collapse (catastrophic) in the corresponding phases during Solar Cycles 12 – 24.
The relatively less difference between the periods of Am and Bm and the existence
of an anticorrelation between the profiles of these parameters may suggest that
around the minimum of a solar cycle the angular momentum transport from
higher latitudes to the equator may be more efficient. The cosine profiles of Am
and AM look to be in phase and in anti-phase during the alternate intervals of
about 40 – 50-years (there exist a very weak correlation between Am and AM; see
above), causing reduction and improvement of flux emergence in the respective
alternate intervals. Since as mentioned above the effect of Am persists throughout
the cycle, there exist an approximate coherence in the cosine profiles of Am and
BM, which my have a role in the toroidal flux production rate causing variations
in the amplitudes of Gleissberg cycles.
4. Conclusions and Discussion
Studies of variations in the solar differential rotation are important for under-
standing the underlying mechanism of solar cycle and also other variations of
solar activity. We analyzed GPR and DPD daily sunspot group data during
the period 1874 – 1917 and determined the equatorial rotation rate [A] and the
latitude gradient [B] of the solar differential rotation by fitting the data in each
3-year MTI during the period 1874– 1917 to the standard law of differential
rotation. The values of A and B around the years of maxima and minima of
Solar Cycles 12 – 24 are obtained from the 3-year MTIs series of A and B and
studied the long-term cycle-to-cycle modulations in these coefficients. Here we
have used the epochs of the maxima and minima of the Solar Cycles 12 – 24
that were recently determined from the revised Version-2 international sunspot-
number (SN) series. We find that there exits a considerably significant secular
decreasing-trend in A around the maxima of solar cycles. There exist no secular
trends in both A and B around the minima of solar cycles. The secular trend in B
around the maxima of solar cycles is also found to be statistically insignificant.
We fitted a cosine function to the values of A, and also to those of B, after
removing the corresponding linear trends. The cosine-fits suggest that there exist
≈54-year (≈94-year) and ≈82-year (≈79-year) periodicities in A (B) around the
maxima and minima of solar cycles, respectively. The amplitude of the cosine-
profile of A (B) around the minima of solar cycles is about 41% (65%) larger
than that of A (B) of the maxima. In addition, the cosine profiles of A and B
suggest a large (up to 180◦) phase difference between the long-term variations of
A, and also between those of B, around the maxima and minima of solar cycles.
In Article-I the combined Greenwich and SOON sunspot-group data during
Solar Cycles 12–23 were analyzed and shown the existence of a 7.4 ± 0.5-cycle
in B by fitting a cosine-fit to the cycle-to-cycle modulation of B. The simi-
lar periodic modulations were also seen in the values of B determined from
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the sunspot-group data of both the northern and the southern hemispheres
(Javaraiah, Bertello, and Ulrich, 2005b). In Javaraiah, Bertello, and Ulrich (2005b)
the cycle-to-cycle modulations in whole cycles A and B determined in Article-I
were compared with the modulations found in A and B determined using the
Kodaikanal Observatory (Solar Cycles: 15–21), Mt. Wilson Observatory (Solar
Cycles: 16–21), Solar-Observatory Kanzelhöhe (Solar Cycles: 18–21), and Na-
tional Observatory of Japan (Solar Cycles: 19-21) sunspot data bases and pointed
out the differences/similarities in the results and some plausible causes for the
differences. Suzuki (2014) analyzed the sunspot-group data measured in Mt.
Wilson Observatory and their own measurements during Solar Cycles 16–23 and
found the existence of a 6–7-cycle in the cycle-to-cycle modulation of B (absolute
values) determined from the whole-sphere data and also in the modulations of B
determined from the northern- and southern-hemispheres’ data. The pattern of
the modulation of B during Solar Cycles 16–23 that is found by Suzuki (2014)
closely similar to the corresponding portion (from Cycle 16 to Cycle 23) of the
modulation (of |B|) during Solar Cycles 12–23 found in Article-I, as well as to
that of B around maxima of the cycles in the current analysis. Also, it seems
to closely fit to the corresponding portion of the cosine-curve of B of whole
cycles in Article-I and also to that of B around the maxima of the cycles in the
present analysis. Overall, all these results seem to strongly confirm the existence
of about a 7-cycle modulation in B determined from sunspot data. In Suzuki
(2014) it is found that in Solar Cycle 16 the northern hemisphere value of B is
significantly smaller than that of the southern-hemisphere and almost monotonic
decrease in the magnitude of B in both the hemispheres from Solar Cycles-17
to 21. The overall pattern seems to be suggesting the existence of a phase-
shift (occurred in Cycle 16) between the northern and southern hemispheres. In
Javaraiah, Bertello, and Ulrich (2005b) it is found that except in Cycle 12 the
magnitude of the northern-hemisphere B is highly significantly larger than that
of the southern hemisphere, in each of the remaining cycles the difference between
the northern- and southern-hemispheres’ values of B is statistically insignificant.
That is, no phase difference is found between the cycle-to-cycle modulations in
B of northern and southern hemispheres. In the present analysis we have not
studied the north–south asymmetry of the modulations in A and B around the
maxima and the minima of solar cycles. In Suzuki (2014) error bars of B values
are relatively small. However, surprisingly in the largest Cycle 19 the error bar of
B seems to be largest. Particularly, the error bar of the northern-hemisphere’s
value of B of this cycle is much larger than that of the southern hemisphere
and in fact, larger than those of both the northern- and southern-hemisphere’s
values of the remaining all cycles. In Cycle 19 activity in northern hemisphere
was larger that of southern hemisphere (e.g. Temmer et al., 2006; Javaraiah,
2019). The gaps in Greenwich data due to missing days of observations are filled
with the data from other observatories. Such an update of Mt. Wilson sunspot-
group data may be necessary. Suzuki (2014) found that the modulation in B
determined from the data around the middle years (unequal intervals) of the
solar cycles is almost the same as that of B determined from the data of whole
cycles. The arguments above on the modulation in B of whole cycles also apply
to the modulation in B determined from the data around the middle years of the
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cycles. The modulations in A and B around the maxima of cycles found here are
also closely similar to those of A and B determined from the data of the whole
cycles shown in Article-I. This could be due to a large portion of the data of a
cycle are coming from around the maximum of the cycle, i.e. the ratio of the size
of a whole-cycle’s data to that of the data around the maximum is considerably
small. In many studies of solar cycle-variations of A and B it has been found
that the magnitudes of A and B are much larger, and larger fluctuations in the
yearly variations of A and B, during the minima of many solar cycles than during
the maxima (e.g. Balthasar, Vázquez, and Wöhl, 1986; Javaraiah and Gokhale,
1995, Javaraiah, 2003). Suzuki (2014) found the same in the yearly variations
of B and also found that if the value of B at minimum/maximum of a cycle is
large, then the cycle-average value of B is large. In spite of we have used here the
3-year intervals, there exist considerably large fluctuations in the values of A and
B around the minima of some cycles (see Figure 2). We find the existence of an
anticorrelation between the cycle-to-cycle modulations of B around the maxima
and the minima of cycles and for the reason mentioned above the modulation in
B around the maxima is almost the same as that of B of the whole cycle. The
average value of B over all cycles maxima is found slightly larger that of over all
cycles minima. However, the amplitude of the cosine-fit of B around the minima
of cycles is much larger than that of B around the maxima.
The ≈54-year periodicity in A around the maxima of solar cycles found here
might confirm the≈55-year grand cycle of Awas found by Yoshimura and Kambry
(1993) using National Astronomical Observatory of Japan (NAOJ) sunspot-
group data during the period 1948 – 1987. The known ≈55-year periodicity of
sunspot activity (e.g. Tan, 2011; Gao, 2016; Komitov et al., 2016) may be related
to the ≈54-year period of A. The well-known Gleissberg cycle of solar activity
may be related to the ≈94-year period in B around maxima of solar cycles and
to both the 82-year and the 79-year periods in A and B, respectively, around
minima of solar cycles. That is, causes of the periodicities of solar activity
may be have influences of the periodicities in A and B (also see Article-I;
Javaraiah and Bertello, 2016). However, what causes the variations in A and B
is not known yet, except that there are speculations for the existence of the Sun’s
spin–orbit coupling (Wood and Wood, 1965; Juckett, 2003; Javaraiah, 2005).
The maximum and minimum epochs of a solar cycle comprise relatively
large and small numbers of large sunspot groups, respectively. The magnetic
structures of large and small sunspot groups may anchor at relatively deep and
shallow layers of the solar convection zone, respectively. Hence, the periodicities
in A and B around the maxima and minima of solar cycles are different and
might originate at relatively deep and shallow layers of the solar convection
zone, respectively. However, the observed rotation rate of a sunspot group (in
general a magnetic tracer) does not need to be the rotation rate of plasma at the
anchoring depth of the sunspot group. The difference between the plasma and
sunspot-group rotation rates depends upon the effects of the dynamical forces
like magnetic buoyancy, Coriolis force, and drag force on the magnetic structure
of the sunspot group (e.g. D’Sliva and Howard, 1994). Therefore, the cause of
the differences in the periodicities of A and B around the maxima and minima
of solar cycles still needs to be established.
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